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Recurrence Relationships 
and 

Master Theorem (Review)

Recurrences

Fibonacci Numbers

F(1) = 1 

F(2) = 1 

F(n) = F(n-1) + F(n-2)   for   n > 2

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, …

F(n) 

F(n-1) F(n-2) 

F(n-2) F(n-3) F(n-3) F(n-4) 

⋮

…, F(2), F(1) 

…, F(2), F(1) 

Master method

Goal.  Recipe for solving common divide-and-conquer recurrences:

with T(0) = 0 and T(1) = Θ(1).

Terms.

・a ≥ 1 is the (integer) number of subproblems.

・b ≥ 2 is the (integer) factor by which the subproblem size decreases.

・f (n) = work to divide and merge subproblems.

Recursion tree.

・k  = logb n levels.

・ai = number of subproblems at level i.

・n / bi = size of subproblem at level i.
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Fact 1.  For r ≠ 1,

Fact 2.  For r = 1,

Fact 3.  For r < 1,

Geometric series

4

1 + 1/2  +1/4 + 1/8 + … = 2

1 2

3 4
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Multiplication/addition: loga (bc) = loga b + loga c

Division/subtraction: loga (b/c) = loga b - loga c

Powers: loga bc = c loga b

Change of base: loga b = logc b / logc a

Already know logarithms and bored? Prove this: b        = c 

Logarithm Review
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loga c loga b

Case 1:  total cost dominated by cost of leaves

Ex 1.  If T (n) satisfies T (n) = 3 T (n / 2) + n, with T (1) = 1, then T (n) = . 
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log2 n

n

3 (n / 2)

3i (n / 2i)

⋮

32 (n / 22)

T (n)

T (n / 2) T (n / 2) T (n / 2)

T (n / 4)T (n / 4) T (n / 4) T (n / 4)T (n / 4) T (n / 4) T (n / 4)T (n / 4) T (n / 4)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

r = 3 / 2  > 1 =

Case 2:  total cost evenly distributed among levels

Ex 2.  If T (n) satisfies T (n) = 2 T (n / 2) + n, with T (1) = 1, then T (n) = Θ(n log n).
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log2 n

n

2 (n / 2)

23 (n / 23)

⋮

22 (n / 22)

T (n)

T (n / 2) T (n / 2)

T (n / 8) T (n / 8)T (n / 8) T (n / 8) T (n / 8) T (n / 8)T (n / 8) T (n / 8)

T (n / 4) T (n / 4) T (n / 4) T (n / 4)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1) n (1)

=  n (log2 n + 1)r = 1

Case 3:  total cost dominated by cost of root

Ex 3.  If T (n) satisfies T (n) = 3 T (n / 4) + n5, with T (1) = 1, then T (n) = Θ(n5). 
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log4 n

n5

3 (n / 4)5

3i (n / 4i)5

⋮

32 (n / 42)5

T (n)

T (n / 4) T (n / 4) T (n / 4)

T (n / 16)T (n / 16) T (n / 16) T (n / 16)T (n / 16) T (n / 16) T (n / 16)T (n / 16) T (n / 16)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

n5 ≤  T (n)  ≤  (1 + r + r 2 + r 3 + … ) n5   ≤r = 3 / 45 < 1 
1 – r

1
n5

5 6

7 8
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General case

If T (n) satisfies T (n) =  a T (n / b) + f (n), with T(0) = 0 and T (1) = Θ(1). 

9

logb n

f (n)

a f (n / b)

ai f (n / bi)

⋮

T (n)

a2 f (n / b2)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

T (n / b)

T (n / b2)T (n / b2) T (n / b2)

T (n / b)

T (n / b2)T (n / b2) T (n / b2)

T (n / b)

T (n / b2)T (n / b2) T (n / b2)

...

... ... ...

Master theorem

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣ n / b⎦ or ⎡ n / b⎤. Then,

Case 1. If f (n) = O(nk) for some constant k < logb a, then T (n) = Θ(nlog a).

Ex. T (n) = 3 T(n / 2) + 5 n.

・a = 3, b = 2,  f (n) = 5 n,  k = 1,  logb a = 1.58…

・T (n) =                .
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b`

Master theorem

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣ n / b⎦ or ⎡ n / b⎤. Then,

Case 2. If f (n) = Θ(nk log p n) for k = logb a, then T (n) = Θ(nk log p+1 n).

Ex. T (n) = 2 T(n / 2) + Θ(n log n).

・a = 2, b = 2,  f (n) = 17 n,  k = 1, logb a = 1, p = 1.

・T (n) = Θ(n log2 n).
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Master theorem

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣ n / b⎦ or ⎡ n / b⎤. Then,

Case 3. If f (n) = Ω(nk) for some constant k > logb a, and if a f (n / b)  ≤  c f (n) for 

some constant c < 1 and all sufficiently large n, then T (n) = Θ ( f (n)).

Ex. T (n) = 3 T(n / 2) + n2.

・a = 3, b = 2,  f (n) = n2, k = 2,  logb a = 1.58…

・Regularity condition: 3 (n / 2)2 ≤  c n2 for c = 3/4.

・T (n) = Θ(n2).
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“regularity condition”
holds if f(n) = Θ(nk) 

9 10

11 12
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Master theorem

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣ n / b⎦ or ⎡ n / b⎤. Then,

Case 1. If f (n) = O(nk) for some constant k < logb a, then T (n) = Θ(nlog  a).

Case 2. If f (n) = Θ(nk log p n) for k = logb a, then T (n) = Θ(nk log p+1 n).

Case 3. If f (n) = Ω(nk) for some constant k > logb a, and if a f (n / b)  ≤ c f (n) for 

some constant c < 1 and all sufficiently large n, then T (n) = Θ ( f (n)).

Pf sketch.

・Use recursion tree to sum up terms (assuming n is an exact power of b).

・Three cases for geometric series. 

・Deal with floors and ceilings.
13

b`

Master theorem quiz 1

Consider the recurrence… 

A. Case 1.

B. Case 2.

C. Case 3.

D. Master theorem not applicable.
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Master theorem need not apply

Gaps in master theorem.

・Number of subproblems must be a constant.

・Number of subproblems must be ≥ 1.

・Non-polynomial separation between f(n) and nlogba.

・f(n) is not positive.

・Regularity condition does not hold.

15

Akra–Bazzi theorem

Desiderata.  Generalizes master theorem to divide-and-conquer algorithms 

where subproblems have substantially different sizes.

Theorem. [Akra–Bazzi] Given constants ai > 0 and 0 < bi ≤ 1, functions

hi (n) = O(n / log 2 n) and g(n) = O(nc), if the function T(n) satisfies the recurrence:

Then T(n) =                                                 where p satisfies                    .

Ex.  T(n)  =  7/4  T(⎣n / 2⎦)  +  T(⎡3/4 n⎤)  +  n2, with T(0) = 0 and T(1) = 1.

・a1 = 7/4, b1 = 1/2, a2 = 1, b2 = 3/4  ⇒ p = 2.

・h1(n) =  ⎣1/2 n⎦ – 1/2 n, h2(n) =  ⎡3/4 n⎤ – 3/4 n.

・g(n) = n2 ⇒ T(n) = Θ(n2 log n).
16

ai subproblems

of size bi n

small perturbation to handle

floors and ceilings

13 14

15 16


